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Abstract 

In the present article, we study the local features of the world-sheet in the case 
when probe bosonic string moves in antisymmetric background field. We generalize 
■ the geometry of surfaces embedded in space-time to the case when the torsion is 

present. We define the mean extrinsic curvature for spaces with Minkowski signature 
and introduce the concept of mean torsion. Its orthogonal projection defines the dual 
mean extrinsic curvature. In this language, the field equation is just the equality of 
mean extrinsic curvature and extrinsic mean torsion, which we call CT-duality. To 
\ the world-sheet described by this relation we will refer as CT-dual surface. 
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^ 1 Introduction 

In general relativity, the action for the point particle is proportional to the length between 
initial and final points. For the geodesic line, which is solution of the equation of motion, 
the action is minimal. On the other hand, there exists a definition of the geodesic in 
term of local properties of the trajectory in the neighborhood of every given point. This 
definition is equivalent to the previous one, because it produces the same equation of 
motion. According to local features, geodesic is self-parallel line, which means that tangent 
vector after parallel transport along this line remains tangent. 

In the string theory the action is area of the world-sheet between given initial and 
final positions of the string. The solution of the equations of motion, by definition, is 
minimal surface. What is definition of the minimal surface in term of local properties of 
the surface in the neighborhood of every given point? The direct generalization of "self- 
parallel" surface is impossible, because even initial and final positions of the string are not 
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necessary self-parallel. The local features of minimal surface is known in the literature 
and this is the condition that all mean extrinsic curvatures vanish ^ [2| . 

We are interested in more general case, when the string propagates in nontrivial mass- 
less background, which beside metric includes also antisymmetric tensor. The correspond- 
ing Lagrangian of the theory has been used in the literature [H]-[7j, m order to derive the 
classical space-time equations of motion from the world-sheet quantum conformal invari- 
ance. The goal of the present paper is to describe the world-sheet equations of motion in 
terms of local features, in the presents of antisymmetric field. 

In Sec. 2, we formulate the bosonic string theory which we are going to consider, and 
shortly repeat some results of ref. jH], which we will need later. 

In Sec. 3, we consider general theory of surfaces embedded into Riemann-Cartan 
space-time. We define the induced world-sheet variables: metric tensor and connection, 
and extrinsic one: second fundamental form (SFF). The world-sheet tangent vector, after 
parallel transport along world-sheet line with space-time connection, is not necessarily a 
tangent vector. Its world-sheet projection defines the induced connection and its normal 
projection defines the SFF. 

In Sees. 4 and 5. we explain the local properties of the world-sheet in the presence of 
background fields. First we consider the case in the absence of antisymmetric field. We 
precisely define mean extrinsic curvature (MEC) in Minkowski space-time, and support 
the result of refs.fTJH]. 

We generalized the concept of the SFF and of the MEC to the case where the space- 
time has nontrivial torsion. We define the mean torsion, °T^, and show that its orthogonal 
projection, °7j, is dual mean extrinsic curvature (DMEC), °Tj = This enables us to 
introduce the self-dual (self-antidual) condition, °Hi = ±*i?j, to which we will refer as 
CT-duality. Finally, we prove the main result, that the field equations in the presence of 
antisymmetric field have the form of CT-duality and that according to the local properties 
the world-sheet is self-dual surface. 

Appendix A is devoted to the world-sheet geometry. 

2 Formulation of the theory 



daxtdpa? , (2.1) 

which describes bosonic string propagation in x^-dependent background fields: metric 
G^y and antisymmetric tensor field B^ v = —B Ufl . Let (fi = 0, 1, ...,D — 1) be the 

coordinates of the D dimensional space-time Mo and (£° = r, £ = a) the coordinates 



Let us consider the action @]-[7] 



S = k d 2 t^g- 
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of two dimensional world-sheet E, spanned by the string. The corresponding derivatives 
we will denote as = and d a = and the intrinsic world-sheet metric by g a p. 

We will briefly review some results of the ref. jS] , adapted for the present case without 
dilaton field. It is useful to define the currents 

3±n = fl> + 2kR± pv x v ' , n ±M „ = B^ ± -Gfw , (2.2) 

where nn is canonical momentum of the coordinate x^. 

The r and a derivatives of the coordinate can be expressed in terms of the corre- 
sponding currents 

^ = -z-(h-j- v - h + j +v ) , & = -—{j+ v - j-u) , (2.3) 
2k 2k 

where the components of the intrinsic metric tensor, h^, are define in the App. A. 

The canonical Hamiltonian density, TC C = h~T^ + h + T + , and the energy momentum 

tensor components 

T ± = T^G^j ± ^j± u , (2.4) 
have the standard forms. The equations of motion, for the action (|2.1|) is 

[x»] = V-fl+x" + Tt^d+xfd-x" = , (2.5) 

[/i±] = G^d±x»d ± x u = , (2.6) 

where the world-sheet covariant derivatives, V±, are defined in (|A.6() . The expression in 
the [x^] equation is of the form 

T p ±up = T^±B^, (2.7) 

where 

B pup = d fJ- B up + d v B pil + d p B pu = D fJ- B up + D u B pfl + D p B^ v , (2.8) 

is the field strength of the antisymmetric tensor. It is a generalized connection, which 
full geometrical interpretation has been investigated in [3]. Under space-time general 
coordinate transformations the expression T± UIJi transforms as a connection. 

As a consequence of the symmetry relations T^ pcr = F± ap , we can rewrite eq. ()2.5[) in 
the form [x^\ = V+<9_x^ + T l ^ pa d-x p d+x a = 0. So, all considerations we can also apply 
to T^ pa . 

3 Geometry of surfaces embedded in Riemann-Cartan space- 
time 

The geometry of surfaces, when the world-sheet is embedded in curved space-time, has 
been investigated in the literature, see ^12]. In this section we will generalize these results 
for the space-times with nontrivial torsion. 
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Figure 1: Geometrical meaning of the torsion. 



3.1 Riemann-Cartan geometry 

Let us first fix notation and shortly repeat some definitions of refs. [3], [H] and |1U| . 

The affine linear connection, °r^ CT , defines the rule for parallel transport of the vector 
V p {x), from the point x to the point x + dx, as V fl (x) — > ° V|j^ = V p + °5V P , where 

w = -°r^v p dx u . (3.i) 

The covariant derivative is defined as 

"DV = V»(x + dx) - °V P = °D u V p dx u , (3.2) 

where °D V V P = d v V» + "T^V. 

The connection is not necessary symmetric in the lower indices, and its antisymmetric 
part is the torsion 

orpp _ o-pp _ O-pp (o 0\ 

± p,v — 1 fiV L VfJ, ■ \°-°) 

It has a simple geometrical interpretation which we will need later. Let us perform par- 
allel transport of the unit tangent vectors t p (t^) along geodesies £2 {£{) at the distances 
dl2 (d£±), respectively. The final vectors we denote by t p (tQ). They define directions of 
the geodesies l\ (£2), which ends at the points D2 (D\), at the distances dl\ idl^), (Fig. 1). 
The difference of the coordinates at the points D% and D% is proportional to the torsion 



x^{D2)-x^{D l ) = °T p pa t p 1 t' J 2 d£ l d£2. (3.4) 

In fact the torsion measures the non-closure of the "rectangle" ABCD. 
In the present case, the decomposition of the connection has a form 
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The first term is the Christoffel connection, T PtfJa = ^d{ p G pa }, and the second one is the 
contortion, °K ppa = ^°T^ app y, where we introduce the Schouten braces according to the 
relation {ppa} = app + pap — ppa. 

The first term is symmetric in p, a indices. In the second term we can separate sym- 
metric and antisymmetric parts, °K ppa = °K fl r p(T \ + ^°T ppcT , where he symmetric part of 
the arbitrary tensor X pv we denote as Xt^ = ^(X pi/ + X vp ). Consequently, we have 

r^ = °r^ ) + ±°r£. (3.6) 

The antisymmetric part of the connection Q2.7|) is the Rieman-Cartan torsion, seen by the 
string 

r±^ = r ± ^-r±^ = ±2^. (3.7) 

It is proportional to the field strength of the antisymmetric tensor field B pu . In this 
case the contortion is proportional to the torsion K± pup = \T± pup = ±B pup . So, the 
expressions ([3 .5(1 and (|3,6[) turn to (|2.7j) . 

3.2 Induced and extrinsic geometry 

We will use the local space-time basis, relating with the coordinate one by the vielbein 
E^ A = {d a x^, nf}. Here, c^x^ = is local world-sheet basis and (i = 2, 3, D— 

1) are local unit vectors, normal to the world-sheet. 
The world-sheet induced metric tensor 

G af3 = G^daX^dpx" , (3.8) 

is defined by the requirement, that any world-sheet interval has the same length, measured 
by the target space metric or by the induced one. 

Similarly, the induced metric of a D — 2 dimensional space, normal to the world-sheet, 
is Gij = G^nfrij. The mixed induced metric tensor G a i = G^daX^n^ , vanishes by 
definition. 

The world-sheet projection and the orthogonal projection of the arbitrary space-time 
covector V p , we will denote as 

v a = d a x»V p , Vl = n£% . (3.9) 

In the space-time basis, tangent and normal vectors to the world-sheet £ can be expressed 
respectively as 

V£ = d a x^v a , V£ = <<t/ . (3.10) 

Let us perform the parallel transport of the covector along world-sheet line, from 
the point £ a to the point £ a + d£, a , using the space-time connection °F pp (Fig. 2). We 
obtain the covector 

°V^ = V»+°W^ (3-11) 
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Figure 2: Definition of the induced connection °r^ 7 and SFF °b ia p from the paral- 
lel transport of the world-sheet tangent covector. Here °v^ a = v a + °T^vp d^ 1 and 
° v f. = -°b iapv «d^. 

where 

°K = °K P V » dxP = ^IpV^d^dt? . (3.12) 
In the local basis, at the point £ + d£, its world-sheet projection has the form 

°vf a = d a x^ + dtyV ] f fl . (3.13) 

Let us introduce the world-sheet induced connection, °T^ 7 , which defines the rule 
for the parallel transport of the world-sheet covector v a , along the same world-sheet line, 
to the projection °v^ a . So, we have by definition 

°vf a =v a + °5v a , °5v a = °T^v p dC • (3.14) 

It produce the expression for the induced connection 

° r lf3 = G^d s x^G^{°T^d a xPd^ + dpd a x v ) = Cr^dsx^G^Dpd^ , (3.15) 

where °D a V^ = d a x v °D v V^ is space-time covariant derivative along world-sheet direction. 

The orthogonal projection of the covector °Vj^ , defines the second fundamental 
form, °bi a p , trough the equation 

<(£ + de)°Vg = °vfi = -° b ^ a ^ 13 > (3-16) 

or explicitly 

°b ial3 = < G, w °D p d a x v = -d a x u G^°DX . (3.17) 
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The SFF define the extrinsic geometry. 

So, the induced connection and the SFF are the world-sheet and normal projections 
respectively, of the space-time covariant derivative of d a x p . Consequently, we have the 
generalization of the Gauss- Weingarten equation 

•DpdcflP = °r^a^ + % p nf . (3.18) 

3.3 Relations between space-time and world-sheet features 

In analogy with the general rule for connection decomposition, we can decompose the 
induced connection and SFF. With the help of (|3.5|) we have 

°Dpd a x^ = D p d a x^ + °K^ vp d a x v dpx p . (3.19) 

The world-sheet projection of the last equation, produces the decomposition of the induced 
connection 

°F 7i a/3 = T lyCt! 3 + °K ia p , (3.20) 
in terms of induced Christoffel connection and induced torsion 

= G^d 6 x» Dpd a x» , (3.21) 

°T a/37 = °T flp(T d a x tJ 'dpx p d 1 x a = °T a:f3y - °T anf3 , (3.22) 

where °K ia p = \°T^ 1C ^ is the induced contortion. Note that the torsion is a tensors, so 
that the corresponding relation does not have non-homogeneous term. 

The orthogonal projection of (|3.19|) produces the decomposition of the SFF 

°bial3 = hafi + °Kiaf3 , (3.23) 

where we used the notations 

b ia p = nfG^Dpdax" , °T ia(i = °T wa n'*d a xf>dpx< J , (3.24) 

and similarly as before °Ki a p = \°T^ ic ^. 

When the torsion is present, the SFF is not symmetric in a, (3 indices. Similarly as in 
the case of the connection, we can write 

°biaf3 = °bi( a /3) + \°Ti a p . (3.25) 

Starting with the definition of the space-time covariant derivatives along world-sheet 
direction, °DV P = V^(^ + d£) — V p , we can obtain the relations 

°D a V£ = °V a / dpx* + < %y , (3.26) 
(°D a VMx» = °V a v p - v l °b iPa , (3.27) 

which we will need later. 
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4 World-sheet as a minimal surface 



In this section we will present geometrical interpretation of the field equations in the 
absence of antisymmetric tensor field B^ v . 

4.1 Mean extrinsic curvature 

In the torsion free case, the SFF is symmetric in the world-sheet indices and its properties 
are well known in the literature. Here, we will generalize it for the spaces with Minkowski 
signature. 

As usual, a curve is parametrized by its length parameter s, so that the unit tangent 
vector is f = If the curve lies in the world-sheet, we have f 1 = t a d a x^, with t a = 
Let us denote by Pi, the 2-dimensional plane spanned by the tangent vector and the 
unit world-sheet normal nf . Then, £j = £ f] Pi is the i-th normal section of the world-sheet 
X. The curvature of the normal section £i, as a space-time curve, is 

°ki = °D s t»G lxv n" i , (4.1) 

where °D s t^ = x vo D u t^, is the covariant derivative along the curve. It produces the 
following expression 

h = b m t # = b l(M t # = Gap ^ p ■ (4-2) 

The curvature °ki depends on the direction of the tangent vector t a and only on the 
symmetric part of the SFF. 

In Euclidean spaces, the maximal and minimal values of °ki are the principal curvatures. 
The corresponding directions, defined by t a , are the principal directions. The principal 
curvatures are eigenvalues of the SFF and corresponding eigenvectors define the principal 
directions. 

In the present case with Minkowski space-time, the curvature °ki, (|4.2|) . is divergent in 
the light-cone directions. Consequently, the extremely values do not exist. Still, we can 
obtain the necessary information from the eigenvalue problem 

(% fl - o K i G a p) V ? = 0. (4.3) 

The eigenvalues of the quadratic forms °b l a/3 with respect to the metric G a p, we define 
as a principal curvatures in Minkowski space-time. They are the solutions of the condition 
detCV - VG) a/3 = 0, or explicitly 



"0,1 



W ± J ^H 1 ) 2 - °K l . (4.4) 
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Here 

°^ = ^ Q % =i(°4 + V 1 ), (4.5) 
is the trace of the SFF, known in the literature as mean extrinsic curvature and 

det 

= det g"^ = ° K o° K \ ( no summation over i) is Gauss curvature. 

The surface defined by the equation °H l = is minimal surface. The name stems 
from the fact that in the Riemann space-time the equation Hi = define the surface of 
minimal area P% = J d 2 ^y/— det G a p , for the fixed boundary. In fact, for this surface the 
first variation of the area vanishes 

5P 2 = -2 J (f^-det G aP Wn^G^ bx v = . (4.6) 

4.2 Local properties of the world-sheet embedded in Riemann space- 
time 

In the absence of antisymmetric field, B^ u = 0, the equations of motion for the action 
(|2.1JI . survive in the simpler form 

[xP] = V-d+x 1 " + Y% T d+xPd-.x a = , [/i ± ] = G lJLV d±x l *d±x v = , (4.7) 

where is the Christoffel connection. In this case the string does not see the torsion 
and it feels the target space as Riemann space-time of general relativity |9"] 110]. 

The world-sheet and orthogonal projections of the equation [x^], obtain the forms 

^(^-^HO, g a % a = 0. (4.8) 

Here, rig is induced world-sheet Christoffel connection (|3.21|) and b a/3 is corresponding 
SFF (|3.24j) . By wig we denote intrinsic world-sheet connection. 
The [/i ± ] equation can be written in the form 

G ±± = e1eiG at3 = 0, (4.9) 

where G a p = G fJilJ d a x ti dpx 1 ' is world-sheet induced metric. Because in the light-cone 
frame, the intrinsic metric is off-diagonal, g±± = 0, we have G a b = Xg a b, ( a ,b € {+, — }), 
or equivalently 

G a p = \g a(3 . (4.10) 

Multiplying the last equation with g a/3 , we obtain the expression A = ^9 G a p, so that 
y/—G = \/—g^g a ^G a p. The last relation connects the Polyakov and Nambu-Goto expres- 
sions for the string action. We can rewrite (|4.10j) in the form 

7=1 = v=' (4 ' n) 
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so that, because of the conformal invariance, only the metric densities are related. 

From (|4.1U|) follows a relation between intrinsic connection uP a Q and induced one T^o 
which is also a solution of the first equation l|4.8|) . Therefore, both intrinsic metric tensor 
and connection, are equal to the induced ones from the space-time, up to the conformal 
factor A. This is expected result, because of the conformal invariance of the action. 

With the help of Q4.1UJI the second equation ()4.8|) becomes 

fP = \G a % a = 0. (4.12) 

Therefore, the vanishing of all MECs, are local properties of minimal world-sheet in Rie- 
mann space-time. 

Out of the initial, D components of [x^] equations, two define intrinsic connection in 
terms of the induced one and D — 2 turn all MECs to zero. 



5 World-sheet as a CT-dual surface 

Let us stress that above considerations are torsion independent, because the antisymmetric 
part of the SFF disappears from 1)4. 2 j) and (|4.5jl . In this section we are going to include 
the torsion contribution and generalize above results. 

5.1 CT-duality between mean extrinsic curvature and extrinsic mean 
torsion 

Let us first generalize the eigenvalue problem, and then offer its geometrical interpretation. 
We introduce the dual eigenvalue problem, such that linear transformation of the 
vector v a with matrix °b l a/3 is proportional to the two dimensional dual vector *v a = 
^TGIe^v? (G 2 = detG Q/3 ) 

%i p v p = *n i *v a , (5.1) 

or equivalently 

(%p - V e a p^G^) «? = . (5.2) 

It is similar to (|4.3jl , but for the completeness we also need the eigenvalues of the quadratic 
forms °b l a Q with respect to the antisymmetric tensor e a fi^J —G 2 - 

We can formulate the dual eigenvalue problem (|5,2[) , as an ordinary eigenvalue problem 
{*U af3 - *K i G a p)vf = 0, if we introduce the dual SFF 



%p = ^=°bh- (5-3) 



The solutions of the condition det(*b l — *n l G) a p = 0, have the form 



^0,1 



H l ± J(*H i ) 2 + °K i . (5.4) 
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In analogy with the previous case, we will call them dual principal curvatures, and the 
variable 

a/3 a/3 

* TTi _ 1 /* t | * I \ _ \(~taP*il _ 1 a I _ 1 Crpl f^^\ 

n — 2V K + K lJ — 2 b °o/3 ~~ 2 ^/ _Q 2 P a ~ 4 ^ _Q 2 P a ' ' 

det 

the dual mean extrinsic curvature. Here °K l = det G a>3 = *k 1 *k\ (no summation over 
is the same Gauss curvature as before. 
Let us turn to the geometrical meaning of the DMEC. In the case when and are 
world-sheet tangent vectors (Fif. 1) (note that all geodesies ii, £2, £\ and £2 still could be 
space-time curves) we can rewrite (|3.4|) in the form 

o TM = *"(Z?2)-S"(A) _ _J^_ o T » g xPQ „ , 6) 

1 2dP 12 ~ P ° a P ' ( ' 

Here, dP\2 = \/— G2 det(^^)d£id£2 is area of the parallelogram, spanned by the vectors 
£1 = t±d£i and 1% = v^dJii . We can conclude that °T lL does not depend on the directions 
and ig, an d on the lengths d£\ and d£2- So, we will refer to this variable as the mean 
torsion. Its world-sheet projection is induced mean torsion 

°T 7 = "T^G^rf = °T iaP . (5.7) 

4v — G2 

Its normal projection is the extrinsic mean torsion (EMT) 

°T t = °T^G^nt = -44= °T iaP = *Hi , (5.8) 
4y — G2 

which is exactly the same variable as DMEC, defined above in (|5.5[) . 

We define the CT-duality (Curvature-Torsion duality), which maps SFF to dual SFF, 
°b l a g — * *b l a p, and interchanges the role played by the symmetric and the antisymmetric 
parts of the SFF. Consequently, under CT-duality MEC maps to DMEC, allowing the 
exchange of the mean extrinsic curvature and extrinsic mean torsion. 

The self-dual and self-antidual configurations 

"H* = ±*H l , °H i = ±°T i , (5.9) 

correspond to the following conditions on the SFF 



e 



a/3 



(G^-^_)^ Q = 0. (5.10) 

The equations (|5.9|) and (|5.1U|) define CT-dual (antidual) surfaces. In the torsion free 
case, they turn to the standard minimal surface condition, °H % = 0. 
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5.2 Local properties of the world-sheet embedded in Riemann-Cartan 
space-time 

Let us applay the results of the previous subsection to the action (|2.1|) when both metric 
tensor G^ v and the antisymmetric field B^ v are present, so that we have complete equations 
of motion (|2,5j) and (|2.6|) . In this case, the string feels the target space as Riemann-Cartan 
space-time. 

As well as in the case of Riemann space-time, the same relation between metric tensors, 
(|4.1Uj) . follows from the [h^] equation. We can rewrite the [x^] equation in the form 

g aP {D p d a x» - wlpd^a?) = ■ (5-U) 



Its world-sheet projection produces 



f"Kp-^) = -^Bl^ (5.12) 



where B^ is the world-sheet torsion, induced from the target space. Because it is totally 
antisymmetric, in two dimensions it vanishes, B^g = 0. So, we obtain the same first 
equation (|4.8|) . as in the case of Riemann space-time. Again, both two dimensional intrinsic 
metric tensor and two dimensional intrinsic connection, up to the conformal factor, are 
induced from the target space. Note that the world-sheet is torsion free while the space- 
time is not. 

The orthogonal projection of the [x^] equation takes the form 

a/3 

g a/3 b tQl3 = -jq&W , (5-13) 

or equivalently 



£ 



a 3 



=)&-»/?« = 0. (5.14) 



V~9 

With the help of ()4.1(Jj) . we can rewrite it in terms of induced metric 

(G^--^ = )6_ i/3a = > ^ Hi = *H-i . (5.15) 

Therefore, according to the local property, the world-sheet embedded in Riemann-Cartan 
space-time is CT-dual surface and the field equations have a form of CT-duality. 

As a consequence of the relation T^_ pa = T^ ap , we have b + i a p = b-ip a , so that with 
respect to r+ pcr the world-sheet is CT-antidual surface. 
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6 Conclusions 

In this paper, we investigated the bosonic string propagating in the nontrivial background. 
We described the classical field equations of in term of world-sheet local properties valid 
in the neighborhood of every given point. 

We started with geometry of the surface embedded into Riemann-Cartan space-time. 
We clarified the meaning of MEC in Minkowski space-time °H l (see 1)4.5(1 ). and introduced 
the concept of DMEC *H % (|5.5|) as orthogonal projection of the mean torsion (see ((5.7(1 
and ((5.8(1 ). We defined CT-duality which maps MEC to DMEC. The presence of torsion 
generalize the equation of minimal surfaces. Instead of the standard equation °Hi = 0, 
we introduced CT-dual (antidual) surface defined by the self-duality (self-antiduality) 
conditions, °Hi = 

Then we considered the equations of motion ((2.5(1 - 1(2.6(1 . As a consequence of the second 
equation, the intrinsic metric tensor is equal to the induced one up to the conformal factor 
A, because the theory is conformally invariant. 

The first equation, which has been obtained by variation with respect to x^, have D 
components. Two of them determine the contracted intrinsic connection in terms of the 
corresponding induced one. They are not independent, because they follow from the [h^] 
equation. 

The other D - 2 are of the form H = *H- h where fi» is MEC and *H^ is DMEC. 
They define world-sheet as CT-dual surface of the Riemann-Cartan space-time. In the 
particular case, — the vanishing torsion — the field equations turn to the equations of 
minimal world-sheet, H$ = 0, of the Riemann space-time. 

The dilaton field is origin of nonmetricity [3]. It broke the conformal invariance and 
produce additional field equation with respect to conformal part of world-sheet metric. 
The analysis of the dilaton contribution to the local properties of the world-sheet, which 
is technically more complicated, has been investigated in |2J. 

A World-sheet geometry 

It is useful to parameterize the intrinsic world-sheet metric tensor g a p , with the light-cone 
variables (h + ,h~,F) (see the papers [R( ITT| IT2]) 




(A.l) 



The world-sheet interval 



ds 2 = g ai3 d€*d£ p = 2d£ + df - , 



(A.2) 
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can be expressed in terms of the variables 

= ^e F (d^ - h ± df) = e F di ± = e ± a dC . (A.3) 

The quantities e^ a define the light-cone one form basis, 9 = e^ a d^ a , and its inverse 
define the tangent vector basis, e± = e± a d a = d±. We will use the relations 

n ab e a a e b 13 = e+ a eJ + e- a e+ 13 = g afi , e ab e a a e b p = e + a eJ ' -e. a e+ p = ^L= , (A.4) 

where a, b £ {+, — }. 

In the tangent basis notation, the components of the arbitrary vector V a have the form 

V± = e~ F V ± = e± a V a = ^} e _l + {V Q + h^) . (A.5) 

The world-sheet covariant derivatives on tensor X n are 

V±X n = (d± + nuo±)X n , (A.6) 

where the number n is sum of the indices, counting index + with 1 and index — with — 1, 
and 

u± = e- F {u±Td ± F) 1 u± = T h /^ h+ h T ' , (A.7) 
are two dimensional Riemannian connections. 
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